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ABSTRACT 
The e f f e c t s  of thermal imbalance (il # 0 )  on s t e l l a r  pul-  
s a t i o n a l  s t a b i l i t y  have l a r g e l y  been ignored i n  t h e  l i t e r a t u r e .  
A prel iminary inves t iga t ion  of such e f f e c t s  i s  made here  using 
t h e  l i n e a r ,  quas i -adiabat ic  pu l sa t ion  theory.  Analyses of t h e  
standard model and of a  white dwarf show t h a t ,  f o r  t h e s e  c a s e s ,  
"ordinary" terms in  the  s t a b i l i t y  i n t e g r a l s  g r e a t l y  outweigh 
t h e  "ext ra"  terms considered here .  The l a t t e r  become more 
important when s u b s t a n t i a l  ion iza t ion  zones e x i s t  i n  t h e  s t e l l a r  
matter .  I t  i s  argued t h a t  t h e  inf luence of thermal imbalance 
on p u l s a t i o n a l  s t a b i l i t y  should b e  q u i t e  small f o r  s t a r s  cross-  
ing the  H-R diagram i n  e a r l y  post-main sequence evolu t ion ,  and 
f o r  cooling degenerate s t a r s .  On t h e  o ther  hand, during pre- 
main sequence cont rac t ion  t h e  thermal imbalance terms a r e  more 
l i k e l y  t o  be important,  while f o r  thermal runaways i n  s h e l l -  
burning s t a r s ,  t hese  terms a r e  almost c e r t a i n l y  c r u c i a l .  
I - INTRODUCTION 
I n  t h e  f a m i l i a r  l i n e a r  quas i - ad i aba t i c  t heo ry  of p u l s a t i o n s ,  
developed i n  genera l  form by Thomas ( 1 3 3 0 ) )  t h e  r a t e  of change 
of t h e  dynamical energy of o s c i l l a t i o n  E may be w r i t t e n  ( ~ e d o u x  1958) 
2 d E =  . 
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where t h e  b a r  i n d i c a t e s  a  t ime average over t h e  p u l s a t i o n  p e r i o d ,  
and t h e  s u b s c r i p t  1 denotes  equ i l i b r ium q u a n t i t i e s .  U and S a r e ,  
r e s p e c t i v e l y ,  t h e  s p e c i f i c  i n t e r n a l  energy and en t ropy  of t h e  g a s ,  
p is t h e  mass d e n s i t y ,  and t h e  q u a n t i t y  6 preceding a  v a r i a b l e  
i n d i c a t e s  a f i r s t - o r d e r  d e p a r t u r e  from equi l ib r ium.  
I n  t h e  s t e l l a r  p u l s a t i o n s  most commonly s tud ied  t h e  equ i l i b r ium 
en t ropy  change 
-I a ~ -  
where e i s  t h e  nuc lear  energy gene ra t ion  r a t e  and Lr t h e  luminos i ty  
a t  d i s t a n c e  r from t h e  s t e l l a r  c e n t e r ,  i s  n e g l i g i b l e  and t h e  r i g h t  
s i d e  of equa t ion  (1) reduces  t o  t h e  f i r s t  i n t e g r a l  wi th  
For t h o s e  epochs of s t e l l a r  evo lu t ion  dur ing  which Sl#O 
( thermal  imbalance) ,  t h e  express ion  ( 2 )  must be  r e w r i t t e n  a s  
\ 
and c o n t r i b u t i o n s  from t h e  second, and perhaps  t h e  t h i r d ,  in-  
t e g r a l  on t h e  r i g h t  s i d e  of (1) considered.  The l a t t e r  i n t e g r a l  
was ignored b y  Thomas a s  van ish ing  i n  t h e  rnean, b u t  was included 
by  Ledoux who poin ted  o u t  t h a t  second o r d e r  c o n t r i b u t i o n s  from 
it might s u b s i s t .  
The purpose o f  t h e  p r e s e n t  work i s  t o  cons ider  bo th  t h e  second 
i n t e g r a l  on t h e  r i g h t  of ( I ) ,  and t h e  e x t r a  term int roduced i n  t h e  
f i r s t  i n t e g r a l  due t o  t h e  replacement of ( 2 )  by (3)  . Because adia-  
b a t i c  evo lu t ion  (il = 0) i s  s o  o f t e n  a  good approximation i n  s t e l l a r  
model c a l c u l a t i o n s ,  t h e s e  terms have,  w i t h  fe~17 except ions ,  been 
ignored i n  t h e  l i t e r a t u r e  s i n c e  t h e  genera l  review of Ledoux (1958) .  
I n  what fo l lows ,  we s h a l l  a t t empt  a  p re l iminary  i n v e s t i g a t i o n  of  
t h e  problem, proceeding through t h e  use  of simple s t e l l a r  models 
and semiquan t i t a t i ve  e s t i m a t e s  t o  g e t  an idea  of t h e  r e l a t i v e  s i z e  
of t h e  thermal  imbalance terms and t o  draw some conc lus ions  regard- 
ing  t h e i r  importance i n  va r ious  phases  of s t e l l a r  evo lu t ion .  
I n  s e c t i o n  I1 we w r i t e  equat ion (1) i n  more convenient  form. 
S e c t i o n s  I11 and I V  a r e  devoted t o  e v a l u a t i n g  t h e  s t a b i l i t y  of  
t h e  s tandard  model and t h a t  of a  coo l ing  wh i t e  dwarf,  respec- 
t i v e l y .  I n  s e c t i o n  V we cons ider  what e f f e c t s  t h e  presence of  
i o n i z a t i o n  zones i n  t h e  s t e l l a r  ma t t e r  might have ,  and i n  s e c t i o n  
V I  d i s c u s s  t h e  r e s u l t s  of t h e  va r ious  c a l c u l a t i o n s .  The f i n a l  
s e c t i o n  cons ide r s  two cases  i n  which thermal  imbalance terms a r e  
l i k e l y  t o  b e  impor tan t ,  and f o r  which f u r t h e r  i n v e s t i g a t i o n  should 
prove f r u i t f u l .  
11. THE STABILITY INTEGIXAL 
Equation (1) g i v e s  t h e  r a t e  of ga in  o r  l o s s  of  p u l s a t i o n a l  
energy over a cyc l e .  Le t  u s  d e f i n e  t h e  f i r s t  two i n t e g r a l s  on 
t h e  r ight-hand s i d e  a s  
This  r e p r e s e n t s  t h e  c o n t r i b u t i o n  t o  t h e  p u l s a t i o n  a n a l y s i s  of  t h e  
terms we w i l l  cons ide r .  
I n  t h e  u sua l  n o t a t i o n  we have 
and us ing  (3)  , we may r e w r i t e  (4)  a s  
L e t  u s  now make t h e  assumption t h a t  no sou rces  or  s i n k s  of 
subatomic energy e x i s t  i n  t h e  s t e l l a r  ma t t e r .  I n  t h a t  even t ,  
d e f i n i n g  t h e  p u l s a t i o n a l  q u a n t i t i e s  
and w i t h  t h e  a d i a b a t i c  cond i t i on  
we have 
2 af -2 df 2 d q  , 
0 
a s a p  aq 
where f = L,/L and q = m / ~ .  
For f u t u r e  convenience we s h a l l  r e w r i t e  ( 6 )  a s  
where t h e  i n t e g r a l s  ( i nc lud ing  s igns )  a r e  l a b e l l e d  i n  o r d e r .  
We s h a l l  c a l l  terms coming from t h e  f i r s t  i n t e g r a l  i n  (6)  ( s u b s c r i p t  1) 
t h e  "ord inary"  terms,  wh i l e  t h o s e  which a r i s e  from t h e  o t h e r  two 
i n t e g r a l s  ( s u b s c r i p t  2)  w i l l  b e  r e f e r r e d  t o  a s  " e x t r a "  o r  " thermal  
imbalance" terms.  
A s t a r  i s  considered p u l s a t i o n a l l y  s t a b l e  i f  Li /L  < 0 .  I n  t h e  
event  t h a t  c o n t r i b u t i o n s  from subatomic energy do e x i s t  i n  t h e  s t a r ,  
one must e v i d e n t l y  r e t u r n  t o  equat ion ( 5 ) .  
111. T H E  STANDARD MODEL 
Following Eddington (1959) ,  l e t  us  d e f i n e  t h e  q u a n t i t y  by 
t h e  r e l a t i o n  
f  = qq .  
Then, i f  u r e p r e s e n t s  t h e  o p a c i t y ,  t h e  s tandard  model is  ob ta ined  
f o r  
qx  = cons t .  
For our a n a l y s i s ,  we s h a l l  choose t h e  combination 
I n  t h a t  c a s e , s i n c e  f = q = 1 a t  t h e  s t e l l a r  s u r f a c e ,  we must have 
= P I  and our  choice  corresponds t o  a p h y s i c a l l y  reasonable  c a s e  
of  e l e c t r o n  s c a t t e r i n g  o p a c i t y ,  and luminos i ty  i n c r e a s i n g  l i n e a r l y  
outward wi th  mass f r a c t i o n .  
The s tandard  model i s  a  po ly t rope  of  index 3  w i t h  a  c o n s t a n t  
r a t i o  fl of  gas  p re s su re  t o  t o t a l  p r e s s u r e  through t h e  s t a r .  The 
va lue  of depends on ly  on t h e  product  ~ p ~ ,  where p  is t h e  mean 
molecular  weight of t h e  m a t t e r ,  and may t h u s  b e  chosen a r b i t r a r i l y .  
A l l  of  t h e  non-pulsa t iona l  q u a n t i t i e s  i n  ( 6 )  may be  eva lua ted  wi th  
t h e  a i d  of Emden t a b l e s  ( B r i t i s h  Assoc ia t ion  f o r  t h e  Advancement of 
Science 1932) . 
The r e l a t i v e  p u l s a t i o n a l  ampli tudes Z, of  t h e  s tandard  model 
have been given by  Schwarzschild (1941) f o r  va r ious  va lues  of p ,  
bo th  i n  t h e  fundamental and h ighe r  modes. W e  have chosen t h e  lowest  
of t h e s e  va lues  of p i n  t h e  fundamental mode a s  t h e  combination most 
conducive t o  p u l s a t i o n a l  i n s t a b i l i t y  ( s e e ,  e . g . ,  Simon and S t o t h e r s  
1969) .  This  i s  
8 = 0.510, 
r3 - 1 = 0 -372. 
Furthermore,  w e  may w r i t e  
where,  f o r  a  r a d i a t i v e  s t a r  w i t h  cons t an t  o p a c i t y ,  
The remaining u n e x p l i c i t  q u a n t i t y  i n  ( 6 )  i s  
With 
w e  e a s i l y  f i n d  
and a f t e r  some a l g e b r a  
The f u n c t i o n  W 1 ( ~ )  is  always n e g a t i v e ,  w i t h  endpoin t  v a l u e s  
of -0 . I l l ,  and a  minimum o f  -0 -149 a t  P - 0.93.  A g l a n c e  a t  t h e  
l a s t  i n t e g r a l  i n  (6 )  shows t h a t  s o  l ong  a s  t h e  l u m i n o s i t y  i n c r e a s e s  
( d e c r e a s e s )  outward,  t h i s  t e r m  s e r v e s  t o  e n e r g i z e  (damp) pu l s a -  
t i o n s .  For  p = -510,  we have W l ( @ )  = -0.119. 
W e  a r e  now i n  a  p o s i t i o n  t o  e v a l u a t e  L ~ / L .  R e s u l t s  a r e  d i s -  
p layed i n  Tab l e  1. It i s  e a s i l y  seen  t h a t  c o n t r i b u t i o n s  a r i s i n g  
from t h e  a d d i t i o n a l  te rm i n  6; (I2) and from t h e  i n t e g r a l  J2 a r e  
approximately e q u a l ,  and bo th  c o n t r i b u t e  t o  ene rg i z ing  t h e  pu lsa -  
t i o n .  The i r  combined e f f e c t ,  however, i s  q u i t e  smal l ,  amounting 
t o  l e s s ' t h a n  8% of t h e  o rd ina ry  damping. 
I V .  WHITE DWARF 
We s h a l l  d i s c u s s  h e r e  t h e  model of  Marshak (1940) t r e a t e d  by 
Ledoux and Sauvenier-Goffin (1950) .  Though somewhat ou tda t ed ,  
t h i s  model is  q u i t e  adequate f o r  ou r  purposes .  I n  p a r t i c u l a r ,  
t h e  luminos i ty  d i s t r i b u t i o n  £(q)  i s  r a t h e r  s i m i l a r  t o  t h a t  ob ta ined  
from more modern t r ea tmen t s  of coo l ing  wh i t e  dwarfs ( e - g .  V i l a  
1969) . 
Following Ledoux and Sauvenier-Goffin,  we s h a l l  t a k e  
- 
z = -3Z = cons t .  
where 
and x i s  t h e  r a t i o  of t h e  Fermi momentum and mc. 
We begin  w i t h  t h e  second i n t e g r a l  i n  (6 )  . I n t e g r a t i n g  by p a r t s  
we o b t a i n  
1 
where we have talcen I -1 = 2/3 a t  the  s t e l l a r  s u r f a c e .  Glven t h e  
i' 
model parameters  we may e a s i l y  e v a l u a t e  t h e  i n t e g r a l ,  o b t a i n i n g  
Turning now t o  J we must c a l c u l a t e  2 
Using t h e  f a m i l i a r  express ions  f o r  a  degenera te  e l e c t r o n  gas  
(Chandrasekhar 1939) and r e t a i n i n g  only t e r m s  of lowest  o rde r  i n  
2 (kT/mc ) , we f i n d  
and f i n a l l y ,  
2 4 2  a3u 2~ + 7~  + 2 .  
. z w (x)  = - 
2~ a s a p  18(x2+1) 
T h i s  f unc t ion  f a l l s  t o  a  minimum of -0.153 a t  x = l .  A t  t h e  endpoin ts  
(:r=O, x+m) , W2 (x)  = -0 -111. Since  W2 (x )  < G ,  it t u r n s  o u t  aga in  
t h a t ,  f o r  luminos i ty  i nc reas ing  outward, J i s  an ene rg i z ing  term. 2  
We have f o r  t h e  p r e s e n t  case  
1 
The v a l u e s  of x  f o r  our model range from 2 . 4  a t  t h e  c e n t e r  t o  0 . 4  
a t  t h e  s u r f a c e ,  encompassing va lues  of /W (x) 1 i n  t h e  narrow range 2 
0.13-0.15. Using an average va lue  /w2 (x )  1 = 0.14 ,  we o b t a i n  
The remaining term i n  (6)  i s  given by  Ledoux and Sauvenier-  
Goff i n :  
S e t t i n g  Z = 1 ,  we aga in  summarize our  r e s u l t s  i n  Table  1. 
I n  t h e  p r e s e n t  c a s e ,  a s  wi th  t h e  s tandard  model, t h e  c o n t r i b u t i o n s  
I 2  
= 1.6 and J2 = 1 . 3  bo th  s e r v e  t o  ene rg i ze ,  and a r e  roughly equa l .  
Here, however, t h e i r  e f f e c t  i s  somewhat more important ,  o f f  s e t t i n g  
about 16% of t h e  o rd ina ry  damping. 
V, IONIZATION ZONES 
When i o n i z a t i o n  zones cover s u b s t a n t i a l  reg ions  of t h e  s t e l l a r  
m a t t e r ,  t h e  p u l s a t i o n a l  s t a b i l i t y  of a  s t a r  can be  s t r o n g l y  a f f e c t e d .  
I n  t h e  absence of thermal  imbalance, such e f f e c t s  have been s tud ied  
i n  t h e  l i t e r a t u r e  i n  g r e a t  d e t a i l .  
When thermal  imbalance e x i s t s  i n  a  s t a r ,  t h e  terms I2 and J2 
begin  t o  c o n t r i b u t e ,  and they  a r e  a f f e c t e d  by i o n i z a t i o n  through 
t h e  thermodynamic coef f  i e n t s  (r3- 1) and ( p 2 / 2 ~ )  a3u/asap2.  (It  should 
be  noted t h a t  t h e  quas i - ad i aba t i c  t heo ry  may no t  be  adequate h e r e ,  
depending upon t h e  l o c a t i o n  of t h e  i o n i z a t i o n  zones i n  a  given s t a r .  
The theo ry  should be  good enough, however, t o  g ive  us some p i c t u r e  
of t h e  r e l a t i v e  importance of thermal  imbalance t o  t h e  p u l s a t i o n a l  
s t a b i l i t y )  . 
If i n  t h e  presence of i o n i z a t i o n  zones ,  we irnpose t h e  r e s t r i c t i o n  
t h a t  only  one c r i t i c a l  s t a t e  of i o n i z a t i o n  e x i s t s  i n  a  given range of 
temperature  and d e n s i t y ,  t hen  w e  may w r i t e  (Ledoux 1958) 
where 
F u r t h e r ,  i f  X r e p r e s e n t s  t h e  abundance (by number) of t h e  
element wi th  c r i t i c a l  i o n i z a t i o n ,  y  t h e  f r a c t i o n  of t h e  e l e c t r o n s  
i n  ques t ion  t h a t  have been removed, and x  t h e  t o t a l  number of f r e e  
e l e c t r o n s  per  i on ,  then  
The q u a n t i t y  h  i s  t h e  r a t i o  of  t h e  i o n i z a t i o n  p o t e n t i a l  t o  kT: h=x/kT. 
Once more, we must c a l c u l a t e  t h e  q u a n t i t y  
3  a e l l s %  5 W 3 ( p , T )  = %(~~-l)[(~~-l)-l]+%--.) (r3-1). ( 8 )  2 ~  a s a p  a&np s 
The necessary  d e r i v a t i v e s  a r e  (a"ap) , given once more by 
( 7 1 ,  and 
F i n a l l y ,  a f t e r  cumbersome b u t  s t r a igh t - fo rward  computation w e  o b t a i n  
where 
To g e t  some idea  of t h e  s i z e  of w 3 ( ~ , T )  we have c a l c u l a t e d  it 
f o r  a  range of d e n s i t i e s  and tempera tures  f o r  f o u r  d i f f e r e n t  ca ses  
of c r i t i c a l  i o n i z a t i o n :  H I ,  He I ,  H e  1 1 ,  C V I .  The r a t i o  of p a r t i -  
t i o n  f u n c t i o n s  f o r  t h e  s t a t e s  involved was always taken  t o  b e  t h e  
r a t i o  o f  s t a t i s t i c a l  weights .  The l a t t e r  q u a n t i t i e s ,  a long wi th  
v a l u e s  f o r  i o n i z a t i o n  p o t e n t i a l s ,  were taken  from Unszld (1955) .  I n  
each c a s e  a  composition c o n s i s t i n g  s o l e l y  of t h e  element i n  q u e s t i o n  
was assumed f o r  s i m p l i c i t y .  T h i s  means, of course ,  t h a t  t h e  e f f e c t  
of  t h e  i o n i z a t i o n  zones w i l l  b e  overes t imated .  
Table  2 p r e s e n t s  t h e s e  r e s u l t s .  The l a s t  e n t r y  i n  t h e  t a b l e  
i s  t h e  r a t i o  
S ince  o rd ina ry  damping terms ( a t  l e a s t  f o r  t h e  case  of r a d i a t i v e  
2  damping) a s  w e l l  a s  t h e  i n t e g r a l  I2 w i l l  b e  p ropor t iona l  t o  (r -1) , 3 
t h e  q u a n t i t y  R g i v e s  some guide a s  t o  t h e  importance of t h e  l a s t  
i n t e g r a l  i n  ( 6 )  . 
I n  e v a l u a t i n g  Table 2 ,  it w i l l  b e  u s e f u l  t o  compare W3(p ,T)  
w i th  t h e  q u a n t i t i e s  W ( p )  and W (x) c a l c u l a t e d  i n  p rev ious  s e c t i o n s .  1 2 
We f i r s t  n o t e  t h a t  W i s  no t  n e c e s s a r i l y  nega t ive .  I n  c e r t a i n  3  
r eg ions ,  t h e  d e r i v a t i v e  [a(r3-1) /a&np IS can become p o s i t i v e  and 
l a r g e  enough t o  outweigh t h e  f i r s t  term i n  ( 8 ) .  This  happens i n  
gene ra l  f o r  l a r g e  p o s i t i v e  Q and f o r  6 " 1. I n  t h a t  ca se ,  a  s t a r  
w i t h  luminos i ty  i nc reas ing  (decreas ing)  outward would tend  t o  b e  
damped (energ ized)  by  t h e  l a s t  i n t e g r a l  i n  (6 )  . However, t h i s  e f f e c t  
seems t o  occur  i n  r e l a t i v e l y  few p a r t s  of t h e  (p ,T)  p lane .  O v e r a l l ,  
t h o s e  r eg ions  w i t h  W3 < 0 a r e  l i k e l y  t o  dominate, g iv ing  a  r e s u l t  
q u a l i t a t i v e l y  t h e  same a s  i n  t h e  absence of i o n i z a t i o n  zones.  
Perhaps a  more important  d i f f e r e n c e  involves  t h e  s i z e  of  t h e  
e f f e c t .  We s e e  from Table  2 t h a t  W can become q u i t e  l a r g e  i n  ab- 3 
s o l u t e  va lue ,  exceeding t h e  maximum va lues  of I W  1 and Iw2 1 by a 1 
f a c t o r  as  g r e a t  a s  3 .  Furthermore,  t h e  r a t i o  R a t t a i n s  l a r g e  nega t ive  
va lues  ( e . g . ,  He I ,  l o g  p = -8, l o g  T = 4 . 2 ) ,  p a r t i c u l a r l y  i n  
low d e n s i t y  r eg ions .  The l a r g e s t  va lues  occur f o r  r -1 < 0 . 1 ,  and 3 - 
run  a s  h igh  a s  R =-5.78 f o r  t h e  ca ses  c a l c u l a t e d .  ( A s  one goes t o  
i o n i z a t i o n s  w i t h  l a r g e r  p o t e n t i a l s ,  e . g .  C VI, t h e  e f f e c t  beg ins  
t o  d imin ish .  T h i s  i s  due t o  i n c r e a s i n g  domination by  r a d i a t i o n  
p r e s s u r e  i n  t h e  low d e n s i t y  r e g i o n s ,  and t o  t h e  f a c t  t h a t  t h e  r a t i o  
x  of  e l e c t r o n s  t o  i ons  i s  inc reas ing .  I n  f a c t ,  a s  P + 0 o r  x  -+ a, 
W j  -+ W1). The corresponding r a t i o s  f o r  W1 and W can never exceed 2 
u n i t y  i n  a b s o l u t e  v a l u e ,  and a r e  g e n e r a l l y  much sma l l e r .  
Thus it t u r n s  o u t  t h a t  t h e  thermodynamics of i o n i z a t i o n  zones 
i s  such t h a t  t h e  c o n t r i b u t i o n  t o  s t a b i l i t y  a n a l y s i s  of " thermal  
imbalance" terms may become g r e a t l y  enhanced. Whether t h i s  a c t u a l l y  
happens depends of  course  on t h e  d e t a i l e d  p r o p e r t i e s  of t h e  s t a r s  
i n  ques t ion .  We s h a l l  have more t o  say about t h i s  i n  t h e  nex t  s e c t i o n .  
V I .  DISCUSS I O N  
Up t o  now we have seen t h a t  t h e  thermal  imbalance terms i n v e s t i -  
gated w i l l ,  i n  gene ra l ,  tend t o  energ ize  p u l s a t i o n s  i n  s t a r s  w i th  
luminos i ty  i nc reas ing  outward. T h i s  w i l l  b e  t h e  ca se  f o r  g r a v i t a -  
t i o n a l l y  c o n t r a c t i n g  s t a r s  o r  s t a r s  exper ienc ing  thermal coo l ing .  
Expansion, on t h e  o t h e r  hand,  w i l l  tend t o  damp p u l s a t i o n s .  
I n  s e c t i o n s  I11 and I V  it has  been shown f o r  two d i f f e r e n t  ca ses  
t h a t  t h e  e x t r a  terms make a  smal l  c o n t r i b u t i o n  compared t o  t h a t  from 
o r d i n a r y  damping terms.  It i s  simple and i n s t r u c t i v e  t o  f u r t h e r  
compare t h e s e  e x t r a  terms wi th  t h e  ene rg i z ing  due t o  nuc l ea r  r e -  
a c t i o n s .  For t h e  c a s e  of t h e  whi te  dwarf,  Ledoux and Sauvenier-Goffin 
(1950) have shown t h a t  nuc lear  ene rg i z ing  would b e  enough t o  overcome 
t h e  damping f o r  very  modest v a l u e s  of t h e  tempera ture  exponent v 
(u = 9.5 f o r  a  co re  source ;  = 2 . 6  f o r  a  s h e l l  s o u r c e ) .  Thus, t h i s  
ene rg i z ing  i s  a t  l e a s t  s i x  t imes  a s  e f f e c t i v e  a s  t h e  thermal  i m -  
ba l ance  c o n t r i b u t i o n  given i n  Table  1. 
For t h e  s tandard  model, a  comparison i s  not  s o  s t r a igh t - fo rward .  
However, s i n c e ,  a p a r t  from t h e  temperature  exponent, t h e  amount of 
nuc l ea r  ene rg i z ing  w i l l  depend mainly on t h e  s i z e  of p u l s a t i o n a l  
ampli tudes  i n  t h e  burning r eg ion  ( l e t  u s  say  i n  t h e  c o r e ) ,  it seems 
reasonable  t o  compare t h e  s tandard  model t o  a  model w i t h  a  s i m i l a r  
va lue  of r e l a t i v e  r a d i u s  ampli tude a t  i t s  c e n t e r .  One such model 
i n  t h e  l i t e r a t u r e  i s  t h a t  of a  28.2 Mo main-sequence s t a r  (Schwarzschild 
and   arm 1958) .  I t  h a s  a  c e n t r a l  r a d i u s  ampli tude 2 = 0.39 ,  whi le  
C 
t h e  va lue  f o r  s tandard  model of s e c t i o n  I11 i s  Kc = 0.32. With a  
temperature  exponent v = 1 3 ,  Schwarzschild and   arm (1959)found nuc lear  
ene rg i z ing  L /L = 4.4 -- a  va lue  more than  an o rde r  of  magnitude P N  
l a r g e r  t han  t h a t  due t o  thermal imbalance i n  t h e  s tandard  model 
(Table  1) . 
The above comparisions a r e ,  of course ,  somewhat a r t i f i c i a l  
s i n c e  1) any r eg ion  of  a  s t a r  i n  nuc lear  thermal equ i l i b r ium ( 5  - 0) 1- 
cannot c o n t r i b u t e  t o  t h e  thermal  imbalance te rms ,  and 2 )  t h e  s tandard  
model could no t  r ep re sen t  i n  d e t a i l  a s t a r  wi th  p h y s i c a l l y  reasonable  
nuc lea r  p roces ses .  Never the less ,  we may s a f e l y  say  t h a t ,  g iven t h e  
thermodynamics of  s e c t i o n s  111 and I V ,  o rd ina ry  p u l s a t i o n  terms w i l l  
tend t o  g r e a t l y  outweigh thermal  imbalance te rms ,  wi th  t h e  l a t t e r  
p rov id ing  on ly  r e l a t i v e l y  smal l  c o r r e c t i o n s .  
For t h e  thermodynamics of s e c t i o n  V ( i o n i z a t i o n  zones) t h e  
out look changes somewhat. W e  have seen i n  t h i s  case  t h a t  t h e  c o e f f i -  
c i e n t  lw3l can become r e l a t i v e l y  l a r g e ,  t end ing  t o  enhance t h e  con- 
t r i b u t i o n  due t o  thermal  imbalance. On t h e  o t h e r  hand, such e f f e c t s  
occur  mainly i n  d i f f u s e  r e g i o n s ,  where t h e  d e n s i t y  i s  low. The 
c l a s s i c  example i s  i n  t h e  o rd ina ry  Cepheid v a r i a b l e s .  I n  t h e  wel l -  
known modern c a l c u l a t i o n s  o f  Cepheid v a r i a b i l i t y  ( c h r i s t y  19662, 
Baker and Kippenhahn 1965) , thermal imbalance i s  ignored,  and the  
equ i l i b r ium luminos i ty  t aken  a s  cons t an t  i n  t h e  energ iz ing  r eg ion .  
Due t o  t h e  extreme c e n t r a l  condensat ion of Cepheid models, on ly  t h e  
o u t e r  1 o r  2 p e r  cen t  of  t h e  s t e l l a r  mass i s  a f f e c t e d  by t h e  pulsa-  
t i o n  ( C h r i s t y  1966b) ,  - and even i f  thermal  imbalance does e x i s t  i n  
t h e s e  l a y e r s ,  it i s  h a r d l y  t o  be  expected t h a t  t hey  c o n t r i b u t e  
enough luminos i ty  t o  s e n s i b l y  a f f e c t  t h e  s t a b i l i t y .  
~ u r t h e r ,  it seems poss ib l e  on t h e  b a s i s  of our  r e s u l t s  t o  
r u l e  ou t  important  c o n t r i b u t i o n s  f o r  any s t a r  expanding o r  con- 
t r a c t i n g  a c r o s s  t h e  H-R diagram dur ing normal post-main sequence 
evo lu t ion ,  a t  l e a s t  through core  helium burn ing .  Although con- 
s i d e r a b l e  r eg ions  of  such s t a r s  can b e  i n  a  s t a t e  o f  thermal i m -  
ba l ance  (see, e - g . ,  Iben 1965) ,  t h e  c e n t r a l  condensation of t h e s e  
o b j e c t s  > l o3 -  l o 5 ,  a s  compared wi th  P , /<~> = 54 f o r  t h e  
s t anda rd  model) is such t h a t  r a d i a t i v e  damping w i l l  a lmost  c e r t a i n l y  
c rush  any o f  t h e  e x t r a  terms we have cons idered .  
S i m i l a r l y ,  coo l ing  degenera te  bod ie s  such a s  whi te  dwarfs 
a r e  h i g h l y  u n l i k e l y  t o  become p u l s a t i o n a l l y  u n s t a b l e  due t o  cont r ibu-  
t i o n s  from thermal imbalance, such c o n t r i b u t i o n s  be ing  simply t o o  
smal l  t o  overcome damping i n  t h e  t h i n  r a d i a t i v e  zones a t  t h e  s u r f a c e  
of t h e s e  s t a r s .  
V I P .  AREAS FOR FUTURE WORK 
We begin  t h i s  s e c t i o n  by no t ing  t h a t  our  i n v e s t i g a t i o n  remains 
incomplete due t o  t h e  omission of t h e  l a s t  i n t e g r a l  i n  ( 1 ) .  However, 
t h e r e  a r e  reasons  t o  b e l i e v e  t h a t  i n c l u s i o n  of  t h i s  term w i l l  no t  
change q u a l i t a t i v e l y  t h e  conc lus ions  of  t h e  prev ious  s e c t i o n .  Ca l l -  
i n g  t h e  i n t e g r a l  i n  ques t ion  LK2, t ak ing  t h e  t ime average and nor- 
mal iz ing  w i t h  t h e  luminos i ty ,  we o b t a i n  
where ( b ~ / p ) ~  i n d i c a t e s  t h e  su rv iv ing  time-averaged second order  
artxplitudes. 
We have a l r eady  seen i n  t h e  cases  s tud ied  t h a t  t h e  i n t e g r a l s  
I2 and J2 provide smal l ,  approximately equal  c a n t r i b u t i o n s .  Since 
-2 
we must expect  t h a t  ( b p / p )  Z , it fo l lows  t h a t  K = 1 2 ,  J 2 ,  o r  2 
perhaps somewhat l a r g e r  due t o  t h e  r e l a t i v e  l a r g e n e s s  of ( -  1) 
J 
compared w i t h  t h e  thermodynamic c o e f f i c i e n t s  of  I2 and J2.  Even 
i f  t h e  i n t e g r a l  K2 proved t o  have t h e  same s i g n  a s  I2 and J i n  2 
t h e  c a s e s  i n v e s t i g a t e d ,  it would need t o  be  n e a r l y  t e n  t i m e s  l a r g e r  
f o r  t h e  whi te  dwarf and more than  twenty t imes  l a r g e r  than I2 o r  
J2 f o r  t h e  s tandard  model i n  o r d e r  t o  q u a l i t a t i v e l y  a f f e c t  t h e  
s t a b i l i t y .  Although a  f u l l  second o r d e r  t heo ry  must b e  developed 
t o  e x a c t l y  e v a l u a t e  t h e  s i z e  of K 2 ,  such l a r g e  va lues  seem u n l i k e l y .  
On t h e  o t h e r  hand, when t h e  terms I2 and J2 begin  t o  become 
comparable t o  t h e  o rd ina ry  damping o r  ene rg i z iny  terms,  t h e  in-  
t e g r a l  K must obviously  be  considered i n  d e t a i l .  We s h a l l  sugges t  
2 
two s t a g e s  of s t e l l a r  evo lu t ion  f o r  which t h i s  may be  t h e  case :  
1. Thermally u n s t a b l e  she l l -burn inq  s t a r s .  Rose has  found 
t h a t  c e r t a i n  thermal ly  u n s t a b l e  models become p u l s a t i o n a l l y  u n s t a b l e  
a s  w e l l ,  f o r  b o t h  helium ( ~ o s e  1967) and hydrogen ( ~ o s e  1968) s h e l l  
burning.  The s e a t  of t h e  i n s t a b i l i t y  i s  s t r o n g l y  enhanced nuc lea r  
ene rg i z ing  a r i s i n g  from a  thermal runaway i n  t h e  s h e l l .  However, t h e  
f l o o d  of photons r e l ea sed  i n  t h e  s h e l l  i s  almost  t o t a l l y  absorbed i n  
t h e  expanding l a y e r s  above, wi th  t h e  luminos i ty  dropping by  o r d e r s  
o f  magnitude from s h e l l  t o  s u r f a c e .  Although Rose h a s  n o t  publ i shed  
t h e  runs  of  luminos i ty  o r  p u l s a t i o n a l  ampli tudes ,  he  does g i v e  
enough in format ion  t o  enable  u s  t o  p u t  l i m i t s  on I and J f o r  h i s  2 2 
u n s t a b l e  models. 
Table  3 shows t h e  r e l e v a n t  q u a n t i t i e s  f o r  two t y p i c a l  models: 
3 B  ( ~ o s e  1967) and 2A ( ~ o s e  1968) .  The e n t r i e s  a r e ,  i n  o r d e r ,  t h e  
s h e l l  and s u r f a c e  l u m i n o s i t i e s ,  t h e  r e l a t i v e  p r e s s u r e  ampli tudes  
p = ~ P / P ,  t h e  nuc l ea r  energ iz ing  N (normalized by  L) , and t h e  1 
o r d i n a r y  damping I . The l a s t  two e n t r i e s  g i v e  l i m i t s  on t h e  1 
thermal  imbalance terms c a l c u l a t e d  a s  fo l lows .  
S ince  t h e  envelopes of Rose ' s  models a r e  non-degenerate o r  
on ly  s l i g h t l y  degene ra t e ,  we have used (r3- 1 1 2  and W l ( p )  a s  t h e  
thermodynamic c o e f f i c i e n t s  f o r  I and J2 ,  r e s p e c t i v e l y ,  and have 2  
s e t  p = 1 f o r  s i m p l i c i t y .  Using t h e s e  q u a n t i t i e s  and neg lec t ing  
s u r f a c e  wi th  r e s p e c t  t o  fshell, w e  ob t a in  
2 
where < p  > i s  an average over t h e  envelope luminos i ty  d i s t r i b u -  
t i o n ,  and f  
s h e l l  = L ~ / L .  
The sum (9)  i s  nega t ive  (i. e .  , a  damping term) a s  we expect  
f o r  luminos i ty  decreas ing  outward. Using t h e  l i m i t i n g  va lues  of 
,L 
p  a s  given by Rose, we o b t a i n  t h e  l a s t  two e n t r i e s  i n  Table  3 .  
Consider t h e  minimum damping due t o  thermal  imbalance (I2+ J ) . 
2  min 
For model 2A it is  comparable t o  t h e  o rd ina ry  damping I l l  whi le  f o r  
3B it f a r  exceeds I . I n  both ca ses  t h e  nuc lear  energ iz ing  dominates,  1 
so t h e r e  i s  no q u a l i t a t i v e  e f f e c t .  On t h e  o t h e r  hand, i f  w e  use  
t h e  upper l i m i t  ( I2 + J2) , t h e  thermal imbalance damping completely 
max 
overwhelms a l l  o t h e r  terms and t h e  i n s t a b i l i t y  i s  n u l l i f i e d .  Because 
p u l s a t i o n a l  ampli tudes  w i l l  t end  t o  drop o f f  r a p i d l y  from t h e  sur-  
f a c e  inward, t h e  t r u e  va lue  of I2 + J2 is  probably c l o s e r  t o  t h e  
lower than  t o  t h e  upper l i m i t .  However, t h e  s i z e  of even t h e  minimum 
terms i n d i c a t e  t h a t  thermal imbalance c o n t r i b u t i o n s  must be  taken 
i n t o  account i n  any eva lua t ion  of  t h e  p u l s a t i o n a l  s t a b i l i t y  du r ing  
a  thermal  runaway. To do t h i s  w i l l  r e q u i r e  a f u l l  second o r d e r  
t heo ry .  
2 .  S t a r s  i n  pre-main-sequence c o n t r a c t i o n .  Such s t a r s  a r e  
favored by t h r e e  c h a r a c t e r i s t i c s :  1) a l a r g e  percentage of t h e  
luminos i ty  i s  provided by g r a v i t a t i o n a l  c o n t r a c t i o n ;  2) t h e  c e n t r a l  
condensat ion i s  lowered s u b s t a n t i a l l y  by t h e  i n f luence  of convec- 
t i o n ;  and 3 )  deep i o n i z a t i o n  zones can e x i s t  i n  such s t a r s ,  depend- 
i ng  on mass and t h e  s t a t e  of evo lu t ion .  Deta i led  pre-main-sequence 
c o n t r a c t i o n  models have been cons t ruc ted  by Iben (1965) and Ezer 
and Cameron (1967) . 
A s t a r t  on a  s t a b i l i t y  a n a l y s i s  f o r  such s t a r s  has  been made 
by Kato and Unno (1967) and Okamoto (1967) . The former au tho r s  
developed a second o rde r  t heo ry  and,  w i th  t h e  a i d  of a  number of 
r e s t r i c t i v e  assumptions,  managed t o  w r i t e  t h e  s t a b i l i t y  i n t e g r a l s  
(1) i n  approximate form. T h i s  form was i n  t u r n  used by Okamoto t o  
t e s t  t h e  s t a b i l i t y  of a  f u l l y  convec t ive  homologously c o n t r a c t i n g  
po ly t rope  of index 1 .5 .  I o n i z a t i o n  zones were neg lec ted .  
Emphasizing t h e  t e n t a t i v e  n a t u r e  of t h e  c a l c u l a t i o n ,  Okamoto 
concluded t h a t  s t a r s  w i t h  masses < 2Mo were probably p u l s a t i o n a i l y  
u n s t a b l e  a g a i n s t  e n e r g i z a t  ion  due t o  thermal imbalance. Es t ab l i sh -  
ment of t h i s  conclusion must awai t  t h e  development of  a  f u l l  second- 
o r d e r  t heo ry  inc lud ing  a l l  t h e  terms i n  equa t ion  (1) .. 
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TABLE 1 
Values of t h e  S t a b i l i t y  I n t e g r a l s  
Some Thermodynamic P r o p e r t i e s  of  I o n i z a t i o n  Zones 
H I ,  x(ev) = 13.59 
I 
I 
l o g  p = -9.0 l o g  p = -5.0 / l o g  p = -2.0 
He I ,  x(ev) = 24.58 1 
l o g  p = -8.0 109 p = -4.0 I l o g  p = -1 .o i 
l o g  T 4 -0  / 4.1  j 4.2 / 4 .3  / 4.5 j 4.2 1 ! I 4.4 4.5 4.7 I 4.8 5 -0 4.6 5 . 5  4.8 I 
TABLE 2 (Continued) 
TABLE 3 
Pulsational Characteristics for Two Thermally Unstable Models : 
3B (Rose 1967) and 2A (Rose 1968). 
